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Abstract
We study the non-critical space-time non-commutative open string (NCOS)
theory using a dual supergravity description in terms of a certain near-horizon
limit of the F1-Dp bound state. We find the thermodynamics of NCOS theory
from supergravity. The thermodynamics is equivalent to Yang-Mills theory
on a commutative space-time. We argue that this fact does not have to be
in contradiction with the expected Hagedorn behaviour of NCOS theory. To
support this we consider string corrections to the thermodynamics. We also
discuss the relation to Little String Theory in 6 dimensions.
1e-mail: harmark@nbi.dk
1 Introduction
String theory in the presence of Dp-branes with a magnetic NSNS B-field
flux gives a p+ 1 dimensional Yang-Mills theory on a non-commutative space
(NCYM) in a certain decoupling limit [1, 2]. Specifically, the coordinates of
NCYM has the commutator
[xi, xj ] = iθij (1)
Recently, it has been shown that one also can obtain a theory with space and
time non-commuting from string theory [3, 4]2. Thus, it has the commutator
[x0, xi] = iθ0i (2)
The new p + 1 dimensional theory with this commutator is obtained from
the decoupling limit of Dp-branes in the presence of a near-critical electrical
NSNS B-field [3, 4]. The theory thus obtained is not a field theory but a
p + 1 dimensional space-time non-commutative open string (NCOS) theory
[3, 4]3. NCOS theory is a new non-critical supersymmetric string theory which
is believed to be non-gravitational and not to have a closed string sector [3, 4]4.
In this paper we study NCOS theory from supergravity. Our starting point
is the conjecture that p+1 dimensional NCOS theory is dual to string theory on
the background given by a certain near-horizon limit of the F1-Dp bound state
[4]5. In [4] the near-horizon limit of the F1-D3 bound state was constructed,
and we generalize this to non-extremal F1-Dp bound states. This adds to the
list of correspondences between string theory in the presence of Dp-branes with
a non-zero NSNS B-field and dual non-gravitational theories, which has been
studied for magnetic NSNS B-field backgrounds in [12, 13, 14, 15, 16, 17, 18].
We use the near-horizon background to find the thermodynamics of NCOS
theory and we show that it is equivalent to the thermodynamics of ordinary
Yang-Mills (OYM) theory, that is, Yang-Mills theory on a commutative space-
time. The main goal of this paper is thus to understand how this thermody-
namics can be consistent with the expectation that NCOS theory is a string
theory and therefore should have Hagedorn behaviour.
2See [5, 6] for other recent work on space-time non-commutativity in string theory.
3That the theory with space and time non-commuting is not a field theory could seem
surprising since (2) could be viewed as the Lorentz-invariant completion of (1). But this is
explained by the fact that field theories with space and time being non-commutative are not
unitary and thus cannot be a consistent truncation of string theory[7].
4See [8] for other recent work on NCOS theory.
5This is in the spirit of the near-horizon-Dp-brane/QFT correspondence [9, 10, 11]
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We find that the thermodynamics obtained from supergravity can be con-
sistent with Hagedorn behaviour of NCOS theory. We find a region where
the NCOS string coupling is very weak and where the temperature is of the
same order as the NCOS Hagedorn temperature, and by analyzing the phases
of the supergravity description we find that this region cannot be described
by supergravity. In other words, we find that one cannot both be near the
Hagedorn temperature and have arbitrarily weak coupling in the supergravity
description of NCOS theory.
By analyzing the high energy behaviour of the NCOS supergravity descrip-
tion we find that it can be described by delocalized F-strings. This we use to
approach the region mentioned above by doing tree-level string corrections to
the thermodynamics, and we find that in this region NCOS theory has thermo-
dynamics different from that of OYM. This supports our conclusions that the
supergravity thermodynamics is consistent with NCOS Hagedorn behaviour.
We also consider 6 dimensional NCOS theory and the relation to space-time
non-commutative Little String Theory. This is interesting since this gives us
two non-critical string theories which should be related to each other.
This paper is organized as follows. We give the non-extremal F1-Dp bound
state in Section 2. We then take the near-horizon limit in Section 3 and
thereby obtain the background solution that corresponds to finite temperature
NCOS theory. The phase structure of the supergravity description is studied
in Section 4 and the NCOS thermodynamics is found and discussed in Section
5. We then show explicitly that the near-horizon background dual to NCOS
theory reduces to delocalized F-strings in Section 6. This is used in Section 7
to search for a region with new thermodynamics of the 4 dimensional NCOS
theory. We end by discussing the 6 dimensional NCOS theory and its relation
to Little String Theory in Section 8.
2 The non-extremal F1-Dp bound state
In this section we present the non-extremal F1-Dp bound state along with
its thermodynamics6. In the extremal limit it reduces to the extremal F1-Dp
bound state given in [20, 21, 22, 23].
The non-extremal F1-D3 bound state can be obtained by S-duality from the
6Non-extremal generalizations of non-threshold brane solutions were first considered in
[19].
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non-extremal D1-D3 bound state7. By use of T-duality on the non-extremal
F1-D3 bound state we obtain the non-extremal F1-Dp bound state with the
string frame metric
ds2 = Dˆ−1/2Hˆ−1/2
[
− fdt2 + (dx1)2
]
+ Dˆ1/2Hˆ−1/2
[
(dx2)2 + · · ·+ (dxp)2
]
+Dˆ−1/2Hˆ1/2
[
f−1dr2 + r2dΩ28−p
]
(3)
the dilaton
e2φ = Dˆ
p−5
2 Hˆ
3−p
2 (4)
and the potentials
Bt1 = sin θˆ(Hˆ
−1 − 1) coth αˆ (5)
A2···p = (−1)p tan θˆ(Hˆ−1Dˆ − 1) (6)
At1···p = (−1)p cos θˆDˆ(Hˆ−1 − 1) coth αˆ (7)
where Bµν is the NSNS two-form, and Aµ1···µp−1 and Aµ1···µp+1 are the RR
(p− 1)-form and (p+ 1)-form potentials8. We have also
Hˆ = 1 +
r7−p0 sinh
2 αˆ
r7−p
, f = 1− r
7−p
0
r7−p
(8)
Dˆ−1 = cos2 θˆ + sin2 θˆHˆ−1 (9)
The thermodynamics is given by
M =
VpV (S
8−p)
16piG
r7−p0
[
8− p+ (7− p) sinh2 αˆ
]
(10)
T =
7− p
4pir0 cosh αˆ
, S =
VpV (S
8−p)
4G
r8−p0 cosh αˆ (11)
µF1 = − sin θˆ tanh αˆ , QF1 = − sin θˆ VpV (S
8−p)
16piG
(7− p)r7−p0 cosh αˆ sinh αˆ
(12)
7The non-extremal D1-D3 bound state can be found in [16] in a similar notation as this
paper. One can then do the S-duality transformation gEµν → gEµν , eφ → e−φ, Bµν → Aµν ,
Aµν → −Bµν , Aµνρσ → Aµνρσ on the D1-D3 bound state where gEµν refers to the Einstein-
frame metric.
8The RR five-form field strength obtained from the RR four-form potential should be
made self-dual.
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µDp = cos θˆ tanh αˆ , QDp = cos θˆ
VpV (S
8−p)
16piG
(7− p)r7−p0 cosh αˆ sinh αˆ (13)
We note that just as for the D-brane bound state solutions the thermodynamics
only depends on the angle θˆ in the the charges and chemical potentials9. We
also note that for the F1-D3 bound state we have the same thermodynamics
as the D1-D3 bound state which reflects the fact that these two bound states
are S-dual to each other.
Using charge quantization of the Dp-brane we get
r7−p0 cosh αˆ sinh αˆ =
(2pi)7−pgsNl
7−p
s
(7− p)V (S8−p) cos θˆ
(14)
where N is the number of coincident Dp-branes. The angle θˆ is related to the
number M of F-strings in the bound state as
tan θˆ = −QF1
QDp
=
V1TF1M
VpTDpN
= gs
(2pils)
p−1
Vp−1
M
N
(15)
Here Vp =
∫
dx1 · · · dxp, V1 =
∫
dx1 and Vp−1 =
∫
dx2 · · ·dxp. We now go to
another choice of variables for the solution (3)-(7) which for our purposes are
more natural. We introduce the variables α and θ as
sinh2 α = cos2 θˆ sinh2 αˆ , cosh2 θ =
1
cos2 θˆ
(16)
In terms of the variables (16) we can write the metric, dilaton and NSNS
B-field as
ds2 = H−1/2
[
D
(
− fdt2 + (dx1)2
)
+ (dx2)2 + · · ·+ (dxp)2
]
+H1/2
[
f−1dr2 + r2dΩ28−p
]
(17)
e2φ = H
3−p
2 D (18)
Bt1 = tanh θ
√
1 + cosh−2 θ sinh−2 α(DH−1 − 1) (19)
with
H = 1 +
r7−p0 sinh
2 α
r7−p
, D−1 = cosh2 θ − sinh2 θH−1 (20)
9See [16] for an explicit account of this.
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We see that the solution (17)-(20) are similar in form to that of the D(p− 2)-
Dp bound state with a NSNS B field flux turned on, only here the B field is
turned on in an electrical component rather than a magnetic component. For
the extremal F1-Dp bound state one can in fact obtain the solution by Wick-
rotating the Lorentzian Dp-brane solution into an Euclidean solution and then
use T-duality and rotations in the same manner as for magnetic B fields, in
order to turn an electrical B-field component on[12]. After Wick rotating back
to a Lorentzian solution one then has the F1-Dp bound state. This, however,
does not work in the more general case of a non-extremal F1-Dp bound state.
Here one cannot obtain the F1-Dp bound state from the Dp-brane by T-duality
and rotations. This is due to subtleties occuring when doing T-duality in an
Euclidean time-direction[24].
In the new variables (16) the thermodynamics (10)-(13) is given by
M =
VpV (S
8−p)
16piG
r7−p0
[
8− p+ (7− p) cosh2 θ sinh2 α
]
(21)
T =
7− p
4pir0
√
1 + cosh2 θ sinh2 α
(22)
S =
VpV (S
8−p)
4G
r8−p0
√
1 + cosh2 θ sinh2 α (23)
µF1 = − sinh θ sinhα√
1 + cosh2 θ sinh2 α
(24)
QF1 = −VpV (S
8−p)
16piG
(7− p)r7−p0 sinh θ sinhα
√
1 + cosh2 θ sinh2 α (25)
µDp =
sinhα√
1 + cosh2 θ sinh2 α
(26)
QDp =
VpV (S
8−p)
16piG
(7− p)r7−p0 sinhα
√
1 + cosh2 θ sinh2 α (27)
The charge quantization relation (14) becomes
r7−p0 sinhα
√
sinh2 α + cosh−2 θ =
(2pi)7−pgsNl
7−p
s
(7− p)V (S8−p) cosh θ (28)
3 The NCOS near-horizon limit
In this section we apply the limit found in [4] to the non-extremal F1-Dp bound
state. This gives a dual string theory description of the p + 1 dimensional
NCOS theory in terms of string theory on a curved background space-time in
the presence of a near-critical electrical NSNS B field. As explained in [3, 4]
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the near-critical electrical NSNS B field gives dynamical open string modes in
the decoupled theory since the open string tension almost cancels with the B
field giving a finite effective open string tension.
Following [4], we take the limit ls → 0 keeping fixed
u =
r
ls
, u0 =
r0
ls
, b = l2s cosh θ , α = fixed , g˜ =
gsl
2
s
b
(29)
Moreover, we rescale the world-volume coordinates
x˜i =
ls
b
xi , i = 0, 1 , x˜j =
1
ls
xj , i = 2, ..., p (30)
with the notation t = x0. Notice that we keep u = r/ls finite since the mass
of an open string stretched between to D-branes with distance r measured in
units of l−1s is lsM ∼ u. Thus, contrary to the usual scaling of the radial
coordinate u = r/l2s we do not let the string modes measured in units of l
−1
s
grow to infinity, but instead keep them finite and thereby dynamical.
We note that the rescaling of coordinates in (29) and (30) makes all coor-
dinates dimensionless. This means that when measuring distance or time on
the world-volume with the coordinates t˜, x˜1, ..., x˜p we are measuring in units
of
√
b, and similarly we measure energy in units of 1/
√
b.
Defining
R7−p ≡ (2pi)
7−p
(7− p)V (S8−p) g˜N (31)
we have from (28) that
u7−p0 sinh
2 α = R7−p (32)
Using the near-horizon limit defined by (29)-(30) on (17) and (18) we get the
string-frame metric and dilaton
ds2
l2s
= H1/2
u7−p
R7−p
[
− fdt˜2 + (dx˜1)2
]
+H−1/2
[
(dx˜2)2 + · · ·+ (dx˜p)2
]
+H1/2
[
f−1du2 + u2dΩ28−p
]
(33)
g2se
2φ = g˜2
(
1 +
u7−p
R7−p
)
H
3−p
2 (34)
where
H = 1 +
R7−p
u7−p
(35)
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From (19) we get the NSNS B-field
Bt1 = l
2
s
u7−p
R7−p
(36)
We note that the constant appearing in the NSNS B-field in (19) has been
gauged away before taking the limit. This gives a non-zero electrical com-
ponent for the world-volume field strength F01 on the Dp-branes. The limit
ls → 0 keeping fixed (29) and (30) corresponds to approaching the critical
value of the electrical field F01.
4 Phases of the supergravity description
We now analyze the phases of the supergravity near-horizon solution (33)-(36).
The F1-Dp bound state in the limit (29) and (30) is believed to describe
the p + 1 dimensional NCOS theory. The open strings of NCOS theory live
in a p + 1 dimensional space-time with the time t˜ and the space-direction x˜1
being non-commutative[3, 4] with commutator [t˜, x˜1] = i.
The string length in NCOS theory is
√
b [3, 4], so since we measure length
in units of
√
b the NCOS string length in our supergravity description is 1.
Thus, if there is any Hagedorn behaviour of the thermodynamics it should
occur at T ∼ 1. The open string coupling constant of NCOS theory is Go
which is related to g˜ as g˜ = G2o [4]. The rescaled radial parameter u is the
energy of the brane probe in units of 1/
√
b. Thus u is the effective energy scale
in NCOS theory.
It is easily seen that for u ≪ R the near-horizon solution reduces to that
of the ordinary near-horizon limit of Dp-branes (see for example [10]). Thus,
for these energies the NCOS theory reduces to an ordinary Yang-Mills (OYM)
theory in a p + 1 dimensional commutative space-time. One can therefore
regard OYM as a low energy effective theory for NCOS theory. u ∼ R is
the energy scale where the non-commutativity start appearing. Since NCOS
theory reduces to OYM for u≪ R we define the effective coupling constant
g2eff = (2pi)
p−2g˜Nup−3 (37)
This coupling constant corresponds to the usual effective coupling constant for
OYM defined in [10] with g2YM = (2pi)
p−2g˜ the Yang-Mills coupling constant
and N the rank of U(N). Note that g2eff ∼ R7−pup−3.
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For u ≫ R the near-horizon solution instead reduces to being the near-
horizon limit of delocalized F-strings. This will be further explained and stud-
ied in Section 6. Since u ∼ R is the point where we go from the near-horizon
Dp-brane phase to the near-horizon delocalized F-string phase, we expect that
this is the point where the non-commutative effects become significant, in
analogy with the near-horizon D(p− 2)-Dp description of NCYM.
The curvature of (33) in units of ls is
C = 1√
u4 +R7−pup−3
(38)
In order for the near-horizon solution (33)-(36) to accurately describe NCOS
theory we need both C ≪ 1 and gseφ ≪ 1. We now analyze these conditions
in the two cases u≪ R and u≫ R.
If we consider u ≪ R where the dual theory is OYM, we see that C ≪ 1
is equivalent to having g2eff ≫ 1. Thus, we have the usual demand that the
effective coupling should be large. The condition gse
φ ≪ 1 is equivalent to
g2eff ≪ N
4
7−p , thus we get
1≪ g2eff ≪ N
4
7−p (39)
so that N ≫ 1 which means we are in the planar limit of OYM. The condition
(39) corresponds to the standard supergravity description of OYM given in
[9, 10]. Combining the condition u ≪ R with (39) we get the additional
conditions that g˜ ≫ 1/N for p > 3, 1/N ≪ g˜ ≪ 1 for p = 3 and g˜ ≪ 1 for
p < 3.
Considering instead u≫ R we see that gseφ ≪ 1 if
u7−p ≪ R
7−p
g˜2
∼ N
g˜
(40)
Combining this with u ≫ R we get that g˜ ≪ 1 which means that the near-
horizon solution describes weakly coupled NCOS theory. The bound u7−p ≪
N/g˜ means that for larger energies the theory flows to the S-dual near-horizon
brane description. For p = 3 we go to NCYM described by the near-horizon
D1-D3 solution [25, 4]. We discuss the case p = 5 in Section 8.
Demanding C ≪ 1 for u ≫ R we see from (38) that we need u ≫ 1. This
we can split in two cases. If R≫ 1, which is equivalent to g˜ ≫ 1/N , we only
need to have u ≫ R. If R ≪ 1, which is equivalent to g˜ ≪ 1/N , we see that
we need to have u≫ 1 instead.
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Thus, if we want to consider NCOS theory with p ≥ 3 when g˜ ≪ 1/N we
need to have u ≫ 1. This means that there is an energy range R ≪ u ≪ 1
in which we cannot describe NCOS theory with arbitrarily weak coupling.
This will be important for our discussion of thermodynamics in Section 5.
For completeness we note that for p < 3 we can also have g˜ ≪ 1/N if u ≪
(g˜N)1/(3−p) which means that we are in the OYM region.
We can also ask if it possible to find a regime with finite N . From the
previous paragraph we immediately get that this is possible if and only if
u≫ 1.
5 NCOS thermodynamics
Using the limit (29)-(30) we have from (21)-(27) the thermodynamics
T =
7− p
4piu0
(u0
R
) 7−p
2
, S =
V˜pV (S
8−p)
32pi6g˜2
u8−p0
(
R
u0
) 7−p
2
(41)
E =
V˜pV (S
8−p)
128pi7g˜2
9− p
2
u7−p0 , F = −
V˜pV (S
8−p)
128pi7g˜2
5− p
2
u7−p0 (42)
with
V˜p = b
−1l2−ps Vp (43)
being the world-volume in the rescaled coordinates given by (30). The energy
E is the energy above extremality E = M −
√
Q2F1 +Q
2
Dp. We note that in
order to obtain (41) and (42) it is necessary to rescale T , E and F as
T → b
ls
T , E → b
ls
E , F → b
ls
F (44)
since we have rescaled the time as t˜ = tls/b.
The curvature in units of ls at the horizon is
εD =
1√
u40 +R
7−pu3−p0
(45)
The dilaton squared at the horizon is
εL = g˜
2
(
1 +
u7−p0
R7−p
)(
1 +
R7−p
u7−p0
) 3−p
2
(46)
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Thus the thermodynamics (41) and (42) is valid for NCOS theory when εD ≪ 1
and εL ≪ 1. This gives the phase structure of Section 4 with the only difference
that u is replaced with u0. We have defined εD and εL for later convenience.
The thermodynamics (41) and (42) is clearly equivalent10 to that of OYM
at strong ’t Hooft coupling and with the identification g2YM = (2pi)
p−2g˜. This is
not surprising for energies u0 ≪ R, since here the near-horizon solution (33)-
(36) is the usual near-horizon Dp-brane solution. For u0 ≫ R we get instead
a prediction of the thermodynamics of NCOS theory.
If we consider the specific case of p = 3 we know that for u7−p0 ∼ N/g˜
we go to the NCYM description which also has the thermodynamics (41) and
(42) [12], so the thermodynamics is given by this whenever a supergravity
description is available.
The fact that the thermodynamics does not change when raising the energy
or temperature naturally raises the question about the stringy nature of NCOS
theory. NCOS theory is claimed to be a string theory with a string spectrum
and this should give rise to Hagedorn behaviour of the thermodynamics. Hage-
dorn behaviour occurs in a string theory for large temperatures and energies.
When doing statistical mechanics of the string states the partition function can
only be defined for temperatures lower than a certain maximal temperature,
called the Hagedorn temperature. Near this temperature the thermodynamics
behave in a singular manner. Clearly, the fact that (41) and (42) behaves uni-
formly for all energies means that there is no sign of any Hagedorn behaviour
in this thermodynamics. Assuming of course p 6= 5 since for p = 5 the thermo-
dynamics (41) and (42) does exhibit Hagedorn behaviour, as we shall discuss
further in Section 8.
The Hagedorn temperature of NCOS theory is of order T ∼ 1 since the
string scale is equal to 1. Thus, we should first test whether the temperature
given in (41) can reach the Hagedorn temperature. That T ∼ 1 is equivalent
to u5−p0 ∼ R7−p, or, equivalently,
u5−p0 ∼ g˜N (47)
Thus, assuming p < 5, we can see that if g˜N ≫ 1 we need u0 ≫ 1, and
if g˜N ≪ 1 we need u0 ≪ 1. But, we know from Section 4 that if we want
g˜ ≪ 1/N we must have u0 ≫ 1, so that means that we cannot both be near
the Hagedorn temperature and have arbitrarily weak coupling. This is a very
10See e.g. Appendix A in [26].
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important observation, since this can explain why the thermodynamics (41)
and (42) does not exhibit Hagedorn behaviour. The explanation being that
when g˜ ≫ 1/N strong coupling effects removes the Hagedorn behaviour of the
string theory. This is perfectly possible in that the statistical derivation of
Hagedorn behaviour assumes arbitrarily weak coupling. On the other hand,
when u0 ≫ 1 we can have arbitrarily weak coupling g˜ ≪ 1/N but this means
that T ≫ 1 so that we are far above the Hagedorn temperature. Thus, the
Hagedorn temperature is clearly not limiting and we have a Hagedorn phase
transition at T ∼ 1.
The fact that we have the thermodynamics (41) and (42) for g˜ ≫ 1/N and
u0 ≫ R suggests that the NCOS theory reduces to OYM in this region because
of strong coupling effects.
In Section 7 we show that when approaching u0 ∼ 1 for arbitrarily weak
coupling new thermodynamics can occur. This supports our explanation of
the missing Hagedorn behaviour in the thermodynamics.
6 NCOS theory and delocalized F-strings
In this section we elaborate on the fact that for u≫ R the NCOS near-horizon
solution from Section 3 reduce to that of the near-horizon limit of delocalized
F-strings.
The solution for M coincident F-strings delocalized in p− 1 directions is
ds2 = Hˆ−1
[
− fdt2 + (dx1)2
]
+ (dx2)2 + · · ·+ (dxp)2 + f−1dr2 + r2dΩ28−p
(48)
e2φ = Hˆ−1 (49)
Bt1 = (Hˆ
−1 − 1) coth αˆ (50)
where we have used the functions and variables defined in Section 2. This is the
supergravity solution that the F1-Dp bound state reduces to when θˆ = pi/2.
From charge quantization of the F-strings we get
r7−p0 cosh αˆ sinh αˆ =
(2pi)6g2s l
6
s
(7− p)V (S8−p)
M
Vp−1
(51)
This can also be gotten by combining (14) and (15).
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Taking the near-horizon limit ls → 0 with the variables in (29) and (30)
fixed we get the near-horizon solution
ds2
l2s
=
u7−p
R7−p
[
− fdt˜2 + (dx˜1)2
]
+ (dx˜2)2 + · · ·+ (dx˜p)2 + f−1du2 + u2dΩ28−p
(52)
g2se
2φ = g˜2
u7−p
R7−p
(53)
Bt1 = l
2
s
u7−p
R7−p
(54)
Thus we clearly see that the solution (33)-(36) reduces to the solution (52)-(54)
for u≫ R.
The curvature of (52) and the dilaton (53) are small if and only we have
1≪ u7−p ≪ N
g˜
(55)
If g˜N ≫ 1 we need in addition that u7−p ≫ g˜N in order to be describing
NCOS theory. Thus, we need that g˜ ≪ 1.
From (15) we get that
g˜ =
V˜p−1
(2pi)p−1
N
M
(56)
This is the connection between M and N which makes it possible to describe
NCOS theory in terms of M delocalized F-strings.
In [17, 18, 27] D(p − 2)-branes delocalized in two directions where shown
to describe p+1 dimensional NCYM with a rank 2 non-commutative space at
high energies. From this it was conjectured that the world-volume theory of
the D(p− 2)-brane, which is OYM with p− 2 space dimensions, is equivalent
to the NCYM theory. It would be interesting to investigate if it is possible to
make a similar connection for delocalized F-strings. The world-volume theory
of N coincident F-strings is the free orbifold CFT which is S-dual to OYM in
1+1 dimensions [28].
7 Approaching new thermodynamics
In this section we go beyond the leading order supergravity solution in order to
find evidence that the thermodynamics of NCOS theory can differ from that of
12
OYM. We choose to consider the special case p = 3 only, but a similar analysis
can be made for other dimensions.
The leading order type IIB supergravity receives string corrections of two
types. Derivative corrections with expansion parameter α′ = l2s and loop
corrections with expansion parameter gs. These two types of expansions can
be translated into two types expansions of the thermodynamics of the near-
horizon NCOS supergravity solution. Thus, the derivative expansion has the
expansion parameter εD given in (45), and the loop expansion has expansion
parameter εL given in (46)
11. But, in order to use scaling arguments we need
that the expansion parameters can be expressed as a constant times a power
of u0. Thus, we need either u0 ≪ R or u0 ≫ R.
In type IIB string theory the first two corrections to the leading order
supergravity action is the l6sR
4 term and the g2s l
6
sR
4 term. These will translate
into a correction of order ε3D and a correction of order εLε
3
D.
If we consider the case u0 ≪ R which corresponds to 4 dimensional OYM
we have
εD ∼ 1√
g˜N
, εL = g˜
2 (57)
Thus, we see that neither of the expansion parameters depends on u0. This
means for the OYM that the thermodynamics essentially stays the same when
approaching εD ∼ 1 or εL ∼ 1. Thus, we will keep having the free energy
F ∝ T 4 but the coefficient in front will be renormalized12.
If we instead consider the case u0 ≫ R which corresponds to 4 dimensional
NCOS theory, we have
εD =
1
u20
, εL ∼ g˜
N
u40 (58)
If we consider the transition point εL ∼ 1, or, equivalently, u40 ∼ N/g˜ we
should not get any new thermodynamics since the theory should flow into 4
dimensional NCYM as described in [25, 4]. Since NCYM also has F ∝ T 4 the
thermodynamics should be preserved when approaching this transition point.
And, indeed, it can be shown [29] that the εL ∼ 1 transition is very smooth
due to the fact that the leading term that contributes around this point is of
order ε3DεL which is highly suppressed since εD ≪ 1.
11A general account of how this works for various near-horizon backgrounds can be found
in [29].
12For OYM there is a factor 3/4 in difference between the free theory and the strongly
coupled theory described by supergravity, as discussed in [30].
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On the other hand, if we consider the transition point u0 ∼ 1, all the
tree-level terms in type IIB string theory contribute. They form together a
series of terms in the expansion parameter εD = 1/u
2
0, with the first term
being ε3D = 1/u
6
0. Therefore we get new thermodynamics when approaching
u0 ∼ 1. This requires in fact g˜ ≪ 1/N since we still want u0 ≫ R. This
supports our arguments of Section 5 since we here stated that the Hagedorn
behaviour should be observed in the region u0 < 1 with very weak coupling
g˜ ≪ 1/N . We now see that exactly when we approach this region we get new
thermodynamics.
From the arguments above, we note that the corrected free energy of 4
dimensional NCOS theory for T approaching 1/(
√
g˜N) becomes
F = −pi
2
8
N2V˜3T
4
[
1 +
∞∑
n=3
an
(g˜N)nT 2n
]
(59)
where an are undetermined coefficients.
8 The F1-D5 and D1-NS5 bound states
We conclude this paper with a closer look at the p = 5 case. This should
correspond to NCOS theory in 6 dimensions, or, for low energies, 6 dimensional
OYM. But, it is well-known that the D5-brane and NS5-brane world-volume
theory is the so-called Little String Theory (LST) [31, 32, 33], which is a non-
critical supersymmetric closed string theory in 6 dimensions. This means that
NCOS theory in 6 dimensions is related to space-time non-commutative LST,
and from this the question arises of how an open string theory can be related to
a closed string theory on a non-commutative space-time. This question could
be important for future research since we here have two non-critical string
theories which are claimed to be descriptions of the same theory.
Our proposal for how NCOS theory and LST are related is that NCOS
theory is a low energy limit of space-time non-commutative LST, since when we
reach u20 ∼ N/g˜ the theory flow to the near-horizon limit of the D1-NS5 bound
state. Thus, we propose to define space-time non-commutative LST as the
decoupling limit of D1-NS5, just as spatially non-commutative LST is defined
as the decoupling limit of D2-NS5 or D3-NS5 [34]. And, we moreover propose
that for sufficiently low energies this theory reduces to that of 6 dimensional
NCOS theory.
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From (41) we get the Hagedorn temperature of the space-time non-commuta-
tive LST
TLST =
1
2pi
√
g˜N
(60)
Thus, the LST Hagedorn temperature is different from that of NCOS theory,
which confirms our suspicion that we have two different string scales in the
theory.
Moreover, if we have g˜ ≪ 1/N , which we expect is necessary in order to see
the NCOS Hagedorn behaviour, we get that TLST ≫ 1 so that any Hagedorn
transition in NCOS theory would happen at much lower temperatures than
TLST. If, on the other hand, g˜N ≫ 1 we have that TLST ≪ 1 which means
that there cannot be any NCOS Hagedorn transition since the LST Hagedorn
temperature is limiting [35, 36] and T ∼ 1 thus cannot be reached.
The above consideration supports our proposal that NCOS theory is a low
energy limit of space-time non-commutative LST since it means that whenever
the NCOS Hagedorn temperature TNCOS is defined we have that TNCOS ≪ TLST.
Note also that the inverse string tension in LST is α′LST = g˜, while in NCOS
theory it is α′NCOS = 1. Thus, the low energy limit of LST is the limit g˜ → 0
which precisely is the limit where NCOS theory should be applicable since it
is weakly coupled. Also, for g˜ → 0 we are in the F1-D5 description which
corresponds to NCOS theory.
We now examine the LST Hagedorn behaviour of this theory using the
arguments given in [35]. If we are at energies so that u0 ≫ R we have that
ε3DεL ∼
g˜
N
1
u20
(61)
which gives
S(T ) ∝ 1
TLST − T
(62)
This is valid for u20 ≪ N/g˜. For u20 ≫ N/g˜ we flow into the near-horizon limit
of the D1-NS5 bound state. If we raise the energy sufficiently, we end up with
a solution of D-strings delocalized in 4 directions. One can show that for these
we get the thermodynamics
S(T ) ∝ 1
(TLST − T )2/3 (63)
valid for all sufficiently high energies. This is the same critical behaviour as for
spatially non-commutative LST [35, 29]. It would be interesting if one could
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reproduce this from statistical arguments like it was done in [35, 36] for LST
on a commutative space-time.
9 Discussion
In this paper we have studied NCOS theory using the dual supergravity de-
scription. We have presented the non-extremal F1-Dp bound state and its
NCOS near-horizon limit. We have found that the thermodynamics to leading
order is equivalent to that of OYM. We have furthermore argued that this
does not have to be in contradiction with the expected Hagedorn behaviour of
NCOS theory.
By considering string corrections to delocalized F-strings we found that the
thermodynamics becomes very different from that of OYM when approaching
the region with u0 < 1 and very weak coupling g˜ ≪ 1/N . This supports our
conclusion that the supergravity thermodynamics is not in contradiction with
the expectations from NCOS theory. The string correction analysis is also
important since it is quantitative evidence that the thermodynamics only is
equivalent to OYM at leading order in the supergravity. When string correc-
tions are included the S-dual backgrounds of near-horizon D1-D3 and F1-D3
have different thermodynamics.
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